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Abstract

The situation where classes arise by dividing the range of a continuous response
variable into intervals is discussed. The focus is on assessing the performance of
classifiers. Due to the underlying continuum, all misclassifications are not equally
grave. The probability of misclassification (pmc) is not optimal in this situation.
An alternative performance measure, the squared error rate (sqerr) is proposed. It
is related to the mean squared error of regression, and penalises misclassifications
according to their severity. Also, because of measurement errors in the response
variable, there are misallocated class labels in data sets used for training and testing.
Estimates of the pmc and the sqgerr are developed for this situation. The estimates
are tested and compared on a real data set and in a simulation.
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1 Introduction

In production industries, the quality of products and raw materials is often
characterised by one or more continuous variables, e.g. chemical measure-
ments. Often these variables are expensive, time consuming or otherwise im-
practical to measure directly. Consequently, one wishes to predict them from
other, cheaper or more easily attained measurements.

* This is a preprint of a paper published in Computational Statistics and Data
Analysis 46(4) 689-705 (© 2003 Elsevier Science B.V. All rights reserved.
* Address: Matforsk, Osloveien 1, N-1430 As, Norway. Tel: +47 64970338. Fax: +47
64970333.

Email address: bjorn-helge.mevik@matforsk.no (Bjorn-Helge Mevik).

Preprint submitted to Elsevier Science 22 September 2003



The value of the quality measurement is often used only to allocate the product
or raw material into one of several quality classes, for instance “low”, “medium”
and “high” values. An example of this is when raw materials have been sorted
into categories uniform enough to allow constant process conditions within
each category. In this situation, it is natural to use classification to allocate

the observations.

Also in situations where the focus is on the continuous quality measurement
value, it can be advantageous to group the values into classes. In many ap-
plications, for instance in modern spectroscopy, it may be difficult to build a
good calibration model for the quality measurement. It has been demonstrated
earlier (Nzs and Hildrum, 1997) that discriminant analysis can improve on
continuous calibration strategies in such situations.

In both of these situations, the data is split into classes corresponding to in-
tervals of a continuous response variable, and one wishes to train a classifier to
predict the class of future observations. This has to our knowledge been little
described in the literature. Hand et al. (1998) construct the optimal classifier
for a special case of this situation, and compare it to linear discriminant anal-
ysis. Hand et al. (2001) discuss classifiers for a generalised situation, where
classes are defined in terms of other variables. The use of continuous labels for
classification is discussed in Water and Duin (1981) and Duin (1982). A com-
plementary situation has been studied by Torgo and Gama (1997), who search
for discretisations of the response into intervals in order to use classification
methods on regression problems.

The problem has some characteristic features regarding assessing the quality
of a classification:

e It is common that the response contains substantial measurement error,
which results in uncertain class memberships in the training and test data
sets. This leads to uncertain estimates of the quality of a classification.

e For training and testing, one has access to the response measurements in
addition to the class labels. This represents information about how certain
a class membership is.

e The covariates seldom explain all variability in the true response, so the
classification will not be perfect. In the present situation, it can be possible
to estimate a lower limit of the misclassification rate of any classifier.

e The classes are ordered, and different misclassifications are not equally
grave.

The present paper addresses the problem of assessing the performance of clas-
sifiers in when classes arise from a continuum. In Section 2, the problem is de-
scribed and the pmc is discussed. An alternative performance measure, sqerr,
is proposed. The effect of measurement error is discussed in Section 3. Esti-



mates for pmc and sqerr are developed in the following two sections. They are
tested on a real data set in Section 6 and in a simulation in Section 7. Finally,
some concluding remarks are given in Section 8.

2 Performance measures

The present classification problem can formally be described in the following
way. For each object in a population, there is an associated quality character-
istic y and a vector x of covariates. The range of y is divided into C' adjacent
intervals with boundaries by < by < --- < be, where by and bc might be infi-
nite. The boundaries are considered fixed and given. An object is a member of
class j if y € [bj_1, ;). One wishes to use the value of x to predict the classes
of future objects.

We define the class membership function c by c(t) = j such that ¢ € [b;_1,b;).
Thus the true class of an object is ¢(y). This will usually be denoted c.

We will think of (x,y) as a random vector following some joint distribution.
It is fruitful to write this in the form

y:f($)+€, (1)

and let G* be the conditional distribution of ¢ given x. The distribution will
be assumed to have zero mean for each x; thus Ely | ] = f(x). The effect of
¢ is that objects with the same x can belong to different classes, so a perfect
classification based on « is usually not possible. The only exception is if, for
each x, all possible values of y lie in a single interval.

There are several performance measures for assessing classifiers. The probabil-
ity of misclassification (pmc), or error rate, is probably the most common, but
there are others such as the Brier inaccuracy and different imprecision mea-
sures (Hand, 1997). A different strategy is to graphically assess the quality of a
classification, for instance by plotting predicted class membership probabilities
against each other (Nas and Hildrum, 1997).

2.1 FError rate

The probability of misclassification (pmc) or error rate of a classifier ¢ is de-
fined as the probability that a random future object is misclassified:

pme(é) = Prob{é(@) # c(y)}. (2)



It can be written E ) I(é(w) # c(y)), where [ is a function taking the value
1 if its argument is true, and 0 otherwise.

For a given x, the probability that the true class ¢ of an object is different
from a given class j is

pme(j; ) = Prob{c # j | x}
= Prob{y ¢ [bj-1,b;) | =}
= Prob {6 ¢ [bj—l — f(z),b; — f(w)) ‘ w} ©)
Gy g0 (e i)

where G® is the conditional distribution of ¢ given x. The unconditional
pmc (2) can be written as

pmc(¢) = Eg Prob{é(x) # c(y) | =}
= E; pme(é(x); x) (4)
= E[1 - G®(betm) — f(@)) + G (be) 1 — ()] -

If we assume that ¢ ~ N(0,02) independent of x, then G®(¢) = ®(g/0.),
so (4) becomes

pme(é) = E [1 _ ¢<M> + @(%)‘I—_f(w))} . (5)

O¢ O¢

For any distribution of (x,y) and partitioning of the range of y, there is a
minimal pmec (pmc,,;, ), which is usually nonzero. No classifier based on @ can
have a smaller error rate than this. Let pmc,;, () = min;{pmc(j; )}, i.e.,
the conditional minimal pmc given «. The unconditioned minimal pmc is

pme,,;,, = Eg pme,;, () 6
:Emmjin{l—G“:(bj—f(az))+Gm(bj—1—f($>)}v (6)

which becomes

Emmjn{l—Q)(m)—i-@(M)} (7)

J o o

when ¢ ~ N(0,0?) independent of .
2.2  Squared error rate

When classes are derived by partitioning a continuum, the classes are ordered,
and some misclassifications are worse than others. For instance, if there are



three classes “good”, “acceptable” and “unacceptable”, it is worse to classify a
“good” object as “unacceptable” than as “acceptable”. Even when classifying
“good” objects as “acceptable”, say, not all errors are equal. If the quality
characteristic y of the object is close to the boundary between “good” and
“acceptable”, the error committed is not as serious as if y is far from the
boundary.

By default the error rate does not distinguish between errors; all are considered
equal. It can be modified by assigning different penalties to the misclassifica-
tion between different classes. It can however not distinguish between different
misclassifications from for instance “good” into “acceptable”.

We propose a new performance measure, called the squared error rate (sqerr),
that penalises errors according to their severity. It is inspired by the mean
squared error (MSE) used in regression. The measure is a generalisation of
the error rate, in the sense that it is the average of a misclassification penalty,
where the penalty depends on not only the class of the object but also its y
value.

We define the squared error penalty function for a predicted class j when the
true quality characteristic value is y, as

(y—bj—1)* y<bj
sqe(f,y) = {0, y € [bj_1,b;) . (8)
(y - bj)2> Yy Z bj

That is, the penalty for a correct classification is zero, and the penalty for
a misclassification is the squared distance between the y value of the object
and the predicted class. The squared error rate (sqerr) of a classifier ¢ is the
expected squared error when classifying future random observations:

sqerr(¢) = Egy) sqe(é(x), y). 9)

The proposed measure differentiates misclassifications as described above.
Consider for instance a situation with three classes, with boundaries b; = 1.5
and by = 2.0. Suppose an object has y = 2.5, thus it belongs to class three.
Classifying this object as class two (1.5 < y < 2.0) will give a penalty of
(2.5 — 2)? = 0.25, while a prediction of class one (y < 1.5) will give a penalty
of (2.5 — 1.5)% = 1. Similarly, it is worse to classify an object with y = 6 as
class two than classifying an object with y = 3 as class two. The corresponding
penalties are 16 and 1, respectively.

Since the penalty is averaged over all objects, not only the misclassified ones,
it incorporates information about the error rate as well, so a classifier with
small sqerr will usually have both few misclassifications overall and few severe



misclassifications. The measure makes it possible to compare classifiers that
have approximately the same pmc, and choosing the one with the least severe
errors. It could also be argued that a classifier with a larger pmc should be
considered better if it has a lower sqerr.

The measure can be interpreted as a squared distance, measuring how far, on
the average, the interval of the predicted class is from the true value of y. The
reason for using squared distances is twofold. It puts higher penalties on the
largest misclassifications, and it makes the measure more similar to the MSE,
which is well-known by many statisticians and engineers.

Distances have been used for defining penalties in other situations. Tsokos
and Welch (1978) use the squared distance between the means of x for each
class as misclassification penalty, and Torgo and Gama (1997) use the absolute
distance between the median response values of the intervals as penalty. These
were developed for other purposes, and are not directly applicable to the
current problem.

The sqerr for a given x and a predicted class j is

sqerr(J; )— E y[sae(d,v) | =
E.[sqe (4, (m) +e) | x]

_/] a f('” x)+e— b 1) dG(c) (10)

/ +5—b) dG™(<).

The last equality follows from writing out the definitions of sqe and the ex-
pectation explicitly.

If ¢ ~ N(0,02) independent of x, direct evaluation of the integrals in (10)
yields

sqern(ji ) =
(0o~ @)+ 2) o (P T L oot (o)

£

(0 s@p+ ) (1-0 (L)) - 0 peneot - sia),
(1)

where ¢ is the probability density function of €; g(¢) = e /(202) ) (05\/ 27r).
The sqerr of a classifier (9) can be written sqerr(¢) = E, sqerr(é(x); x).

Like the pmc, in any given situation, there is a minimal sqerr, i.e., the smallest



sqgerr any classifier can attain:

x), (12)

sqerr, ;. = Egsqerr ;. (

where sqerr,;, () = min;{sqerr(j; «)} is the conditional minimal sqerr, given x.

3 Measurement error

A problem often encountered in applications is that y cannot be measured
without error. The measurement error has the effect that one cannot be certain
about the true class of the observations in a data set, especially for observations
with y value close to a class boundary. This means that in general, any data
set, available for training or testing a classifier will contain a fraction of objects
with incorrect class labels. The effect of incorrect class labels on discriminant
analysis has been studied by several authors (Chhikara and McKeon, 1984;
Lachenbruch, 1966, 1974; McLachlan, 1972). The focus in the present paper,
however, is on estimation of the performance of classifiers.

Letting z be the measurement, we assume the relation z = y + &, where 0 is

random. Let HY be the conditional distribution of ¢ given y. In general, the
distribution might depend on the value of y. Thus the data follows the relation

z= f(x) +e+0. (13)

The apparent class or class label of an object is the class defined by the mea-
sured quality characteristic; ¢(z). A training or test data set of size n will
consist of vectors (@1, 21,¢(21)), ..., (Tn, 2n, c(2,)). The true y values y; and
the associated true classes ¢; = c(y;) are generally not available.

3.1 FEstimating the error in a data set

The expected fraction of wrong class labels in a random sample is called the
data error rate (€Irgaa), i-€.,

eITqata = Prob{c(z) # c}. (14)

For a given y, the probability that the class label ¢(z) defined by z is different



from the true class ¢ = ¢(y), is

Prob{c(z) # ¢ | y} = Prob{z ¢ [b._1,b.) | y}
= Prob{d ¢ [be—1 —y,bc —v) | y} (15)
=1—HYb.—y)+ HY(be_1 — y),

where HY is the conditional distribution of ¢ given y. Thus the data error rate
equals

eITgata = PrOb{c(2) # c}
= E, Prob{c(z) # c(y) | y} (16)
=E, {1 — HY(be(y) — y) + HY (be(y)-1 — y)] :

If we assume that the distribution of ¢ is N(0,¢%), and that § is independent
of y, the data error rate can be written

E, [1 —@(w) +©(M)]. (17)

0s 05

To calculate errg,i,, both o5 and the distribution of y are needed. For many
standardised measurements, estimates of o5 are available; otherwise o5 can be
estimated by repeated measurements on objects. The best generally available
estimate of y is the measurement 2. Thus the distribution of y can be estimated
by the empirical distribution of z in a random sample. Given an estimate 63,
and a random data set of n observations, the data error rate can be estimated

by
1n bcz-_z’ bcz-—_z’
S o (1 oty @(M)) )
n 5

i=1 g 9s

Corresponding to the data error rate, there is a data squared error rate (sqerrg,,, ),
defined as

ST g4 = Eq) sa0(e(2), ) = Ey [Elsae(e(2), 1) | 9], (19)
i.e., the squared error rate of the apparent class labels in a random sample.

For a given response value y, the expected squared error of the apparent class



c(z) is equal to

Elsae(c(2),y) | y] = D sqe(j, y) Prob{c(z) = j | y}

J=1

C
- Sl (700 1)

= 3 (b (HYy —y) — HYb1 — )

j<c(y)

+ > (y—bi)?(HY (b —y) — HY (b1 — y)).

Jj>c(y)

(20)

<

The second equality follows from (15).

If we assume § ~ N(0,0%), independent of = and vy, the data squared error
rate can be written

AR CE RIS

Jj<e(y)
+ > (y—b0)° <<I><bjg_6y> —(I><bj_;76_y)>] - (21)

J>c(y)

Given an estimate of o7 and a random set of n observations, this can be
estimated by substituting z; for y, and averaging over the data set:

SGOTT 40, = li ( > (2 —b;)? (cp(bj _ Zz) _ @(M))

i=1 \j<c(z) g5 05
b — 2 b — 2
Y (m— by @(%Z)_@(#) (22)
j>e(z:) 95 gs

4 Estimating the pmc of a classifier

The most widely used estimate of pmc is the fraction of misclassifications
when predicting a test set. In the present article, this will be called the true
error count of the classifier. It is a non-strictly proper measure (Hand, 1997),
meaning that no classifier can have lower value of the measure than a classifier
that places all objects in the correct class.

Since the test data set in the present situation contains errors among the class
labels, the observed fraction of misclassifications is in general not equal to the



true error count. This observed error count will be called the apparent error
count (erc) of the classifier:

erc(é) = % S 1(e@) # el=)). (23)

The apparent error count is the only generally available error count, and is
the combination of true misclassifications and errors in the test data set. It is
not a proper measure. A classifier with true pmc = 0, will have an apparent
error count equal to the data error of the test set, while a classifier that has
an apparent error count of 0, has in reality misclassified the observations with
incorrect class label, and thus has a pmc > 0.

Fig. 1. Illustration of the different errors. The ellipsis R is the set of objects that have
incorrect label in the test set. The ellipsis P is the set of objects where the predicted
class and the test set label disagree, that is, the apparent errors. The objects in the
symmetric difference PAR (the squared area) are misclassified. The objects in the
intersection P N R might be misclassified if there are more than two classes.

More generally we have the following limits for the true error count:
| erc —d| < true error count < erc +d, (24)

where d is the fraction of objects with wrong class label in the data set. The
situation is depicted in Figure 1. The lower limit can be attained when all
apparently misclassified observations have wrong class labels, or vice versa, i.e.,
P C Ror R C P in Figure 1. In both cases, the true error count > |erc —d|,
with the equality always holding if there are only two classes. The upper limit
is attained when the set of apparently misclassified observations and the set
of test set errors are disjoint, in which case both sets are misclassified by the
classifier, and the true error count is erc +d.

The true error count can be anywhere inside this interval of length 2 x
min{erc,d}. Thus the accuracy of the apparent error count as an estimate
of pmc depends on the fraction of errors in the test set, as well as on the size
of estimate itself.

As an attempt to compensate for the uncertainty in the class labels, we intro-
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duce a modification of the apparent error count. The idea is to give observa-
tions with uncertain class labels small weight when calculating the apparent
error count. Given the distribution of the measurement error ¢, the condi-
tional probability given y that the class label is correct, Prob{c(z) = ¢ | y},
can be calculated (see (15)). Assuming § ~ N(0,03), independent of (x,y),
the adjusted error count is

n

ercg(¢) = w; [( (x;) # ez ) / wa (25)

i=1
where w; = ® ((bc(zi) - zi)/&;) ) ((bc(zi)_l — zi)/fr(;) estimates Prob{c(z;) =
¢ | yi}- Multiplying with w; gives low weight to apparent misclassifications of
objects with responses near a border, and dividing by > w; instead of n gives

a positive contribution from apparently correct classifications with responses
close to a border.

From the formulation of the pmc in (5), we get an alternative estimate:

1 & be(a;) — Zi be(a)—1 — Zi
I

This estimate should have lower variance than the error counts, because it is
the average of a continuous function, whereas the error counts are (weighted)
averages of a discrete function.

4.1  Minimal pmc

When the distribution of ¢ is known, the minimal pmc (6) can be calculated.
Assuming ¢ ~ N(0,¢2) independent of x, it can be estimated with

O o (TG RRYCRESS)

J 0

given an estimate of 0. and a data set of size n.

5 Estimating the sqerr of a classifier

The definition of the sqerr suggests the estimate

1 n
sgerc(¢) = = sqe(¢ ), (28)
7’L =1

11



given a random data set with n observations. This is called the apparent

squared error count. It estimates the true squared error count Y- sqe(é(x;), v;)/n.
As with the apparent error count, the apparent squared error count is not

proper. Also, an inequality analogous to (24) holds approximately for the true

squared error count.

We have that E[(b; — 2)* | y] = (b; — y)? + 0}, so (b; — 2)? overestimates

(b; — y)?. This can be compensated for by subtracting 67 in the estimate.
Using this adjustment, we get the following adjusted squared error count:

sqerc,(¢) =

a(
%i(((béi_l — 2= 63) I (elz) < &) + ((be — 20 = 58) T (elz) > )
— %é(sqe(é(wi>, z) — 6?](6(:81) #+ c(zz))) = sqerc —63 erc, (29)

namely the apparent squared error count minus 62 times the apparent error
count.

From the formulation of sqerr(¢) as Egsqerr(é(x); ) we get an alternative
estimate for sqerr(¢):

S () = %ZqA((w) 2, (30)
where
sqerr(j; z;) =
((bj—l —z) + 53) ‘D<b]%€_zz> + (bjo1 — 2)02g(bj1 — )
+ (0 = =) +62) (1 - a7 )) — (b = =)o%g(b; — =) (31)

5.1 Minimal sqerr

When the distribution of ¢ is known, the minimal sqerr (12) can be calculated.
Given a random sample of size n, a natural estimate of this is

1 n
sqerr,;, = — »_min{sqerr(j; z;)}, (32)
n j

=1

where sqerr is defined in (31).
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6 Example

The estimates were tested on a data set consisting of of near infrared transmis-
sion (NIT) and water content measurements of 103 meat samples. The NIT
measurements had 100 wavelengths from 850 nm to 1050 nm. The data set is
described in more detail in Naes and Isaksson (1992). The data was divided
into two classes: 53 samples with at most 65 % water in one class and 50
samples with more than 65 % water in the other.

The water content measurements had little measurement error: The measure-
ments ranged from 50.5 % to 76.9 % and had an estimated standard deviation
s = 0.22 %. The estimated errg,;, was 0.015, so most samples in the data
set can be expected to have the correct class label. The corresponding data
sqerr was 3.2 x 107*. This ensures that erc and sqerc are almost unbiased.
The properties of the estimates under different levels of o5 are investigated in
Section 7.

A number of classifiers were trained on the first six principal components of the
NIT data: linear discriminant analysis (lda), quadratic discriminant analysis
(qda), k-nearest neighbour classification with £ = 1 (1-nn) and £ = 3 (3-nn)
and a classification tree with the gini splitting index (tree) (Breiman et al.,
1984). The err and sqerr were estimated, using ten-fold cross-validation. The
principal components were recalculated for each cross-validation segment.

Due to the small 65, the adjusted estimates erc, and sqerc, differed very
little from the unadjusted estimates (less than 0.01, respectively 0.02) and
are therefore not shown. The classifiers were ranged in the following ways
(estimates in parentheses):

err: qda (0.18) < 1da (0.20) < 3-nn (0.28) = tree (0.28) < 1-nn (0.33)
sqerr: lda (0.55) < qda (1.10) < tree (2.44) < 1-nn (7.74) < 3-nn (11.1)

We see that according to the pmc, qda is slightly better than lda, while 1da
should be preferred according to the sqerr. Likewise, the order of 1-nn and
3-nn are reversed by the two measures, and tree is considered better than the
k-nns by sqerr, but equal to 3-nn by err.

7 Simulation

A simulation was performed to test the different estimates. The simulation
was designed to illustrate a three-class situation with a nonlinear relationship
between x and y.
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Data were generated following the model

y:x1+x2+x§+e and z=y+9,
2.004

where (1, 22)" ~ N |0, : (33)
0.4 1.0

e~ N(0,0%) and &~ N(0,07)

The range of y is the whole real line, and was divided into three intervals at
by = 0 and by = 0.6. Observations belong to class one if y € (—00,0), class
two if y € [0,0.6) and class three if y € [0.6,00). The boundaries were chosen
to give approximate class frequencies 0.38, 0.12 and 0.50. The apparent class
of an objects is analogously defined by the value of the measurement z.

The values of o5 and 0. were varied according to a 32 factorial design, with
levels 0.15, 0.3 and 0.9 for 0., and 0, 0.15 and 0.5 for o5. This produces data
sets with approximate minimal pmcs of 0.05, 0.10 and 0.20 and data errs of
0, 0.05 and 0.15. The corresponding minimal sqerrs are 0.00075, 0.0060 and
0.13 and data sqerrs 0, 0.0007 and 0.024.

We generated 100 random training data sets of size 100 for each combination
of 0. and 5. Also, a test set of size 10000 was generated, containing x, o and
the true response y. For each training data set, the following was estimated:

e The minimal pmc and minimal sqerr

e The data err and data sqerr

e The pmc and sgerr of a number of classifiers trained on the training data
set

The pmc and sqerr of each classifier were also calculated by classifying the
test data set. Also, the true minimal pmc, minimal sqerr, data err and data
sqgerr were calculated once for each combination, using the test data set as an
approximation to the true distribution.

7.1 Results

The data err was estimated with (18) and the data sqerr was estimated us-
ing (22). The biases of the estimates are shown in Figure (2) for the different
combinations of o, and os5. Both estimates are unbiased when there is no
measurement error, but tend to underestimate when the measurement error
increases. The biases were less than 5 % of the corresponding true data err or
sqerr, when o5 > 0.

The average standard deviations for increasing levels of o5 were 0, 0.011 and
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0.020 for €Ttga, and 0, 1.4 x 107" and 2.0 x 1073 for sqerry,,,. The influence
of 0. on the standard deviations was negligible.

—
o
S — 06,=0.15
e | - - 0.,=03
0:.=0.9
&
[2]
T S
a9
o
o
S
?

(& (¢

Fig. 2. Bias of the estimated data errors. Left panel: data error rate, right panel:
data squared error rate.

The minimal err and sqerr were estimated with (27) and (32), respectively. The
biases of these estimates are shown in Figure 3. When 0. = 0.9 or o5 = 0.5,
the estimates were downward biased with up to 14 % of the corresponding
true error. In the other situations, the bias was very small.

The average standard deviations for increasing levels of o, were 0.011, 0.016
and 0.021 for pmc,,,, and 2.0 x 107%, 1.1 x 1072 and 1.6 x 1072 for sqetr,;,.
The measurement error had only minor effect on the standard deviations.

—— 05=0
- - 05=0.15
05=0.5

bias
-0.025 -0.015 -0.005
| |

0.15 0.3 0.9 0.15 0.3 0.9

O¢ O¢

Fig. 3. Bias of the estimated minimal errors. Left panel: minimal error rate, right
panel: minimal squared error rate.

Linear discriminant analysis, quadratic discriminant analysis, the k-nearest
neighbour rule with £ = 5 and a regression based classifier were trained on
each of the training data sets. The regression based method was as follows: Let
§(x) = by + b1 + baxo + bax3 be the least squares estimate of f(x). For each
x to be classified, choose the class whose interval contains y(x); i.e., c(g(x)).

The pmc was estimated by the apparent error count (23), the alternative pme

estimate (26) and the adjusted error count (25). The sqerr was estimated
by the apparent squared error count (28), the alternative sqerr estimate (30),
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and the adjusted squared error count (29). All estimates were calculated using
20-fold cross validation on the training data set.

The bias and standard deviation of the error rate estimates are summarised
in Figures 4 and 5. The pmc estimate consistently overestimated the pmc, but
had lower variance than the other estimates. The apparent error count, erc,
also overestimated the pmec, but less than pmec. The adjusted error count, erc,,
underestimated the pmc by about the same amount that erc overestimated
by, but had lower variance.

[{e] (o) [{e)
Q S S
o o o p/n,ﬁ
— ] ] - = erc
AN _ ercy
N N N - N
9w O N ) _- S >«
.g o N N o - - o T ~-a -~ <
o [aN] [aN]
= o S
L g R
T T T 11 0 0.15 0.5 0.150.3 0.9
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Fig. 4. Bias of the error rate estimates, broken down by true error rate, o; and o..
The left panel shows predicted biases from loess regressions of bias on true error
rate. The middle and right panels show average biases for the levels of o5 and o-.
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Fig. 5. Average standard deviations of the error rate estimates, for the different levels
of 0. and oy.

The bias and standard deviation of the sqerr estimates are summarised in
Figures 6 and 7. The sqerr consistently overestimated the sqerr. sqerc was
also upward biased, but less than sqerr. On the average, sqerc, was practically
unbiased for all levels of o5 or o.. The left panel of Figure 6 seems to imply that
sqgerc and sqerc, generally underestimated the sqerr; however the distribution
of the true sqerr is quite skewed to the left, and for instance only about 10 %
of the true sqerr values were greater than 0.45.

In terms of standard deviation, there is little difference between the estimates.
The sqerr estimate has a slightly higher variance than the other two.
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rate, o5 and o.. The left panel shows predicted biases from loess regressions of bias
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Fig. 7. Average standard deviations of the squared error rate estimates, for the
different levels of o, and oy.

8 Discussion

We have proposed a new performance measure for classifiers, the squared error
rate (sqerr), specifically designed for the situation where classes arise from a
continuum. The measure penalises errors according to their severity. It can be
interpreted as a mean distance, and is similar to the MSE of regressions, which
is well-known and well-understood by many practitioners. Some people are
more accustomed to using RMSE than MSE. For these, it might be preferable
to use the square root of the sqgerr.

The proposed estimates of data error rate, €rrq,:., and squared data error rate,
SQETTy,:,, Performed well in the simulation. When there was 15 % data error
rate, they were slightly downward biased, otherwise the bias was negligible.
Their standard deviation was between 8 and 22 % of the true values.

The estimates for minimal pme, pmc,,,, and minimal sqerr, sqerr,;,, showed
similar performance. They underestimated the true values with less than 15 %,
and their standard deviation ranged between 10 and 27 % of the true values.
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Several estimates for the pmc were proposed. Both the apparent error count,
erc, and the adjusted error count, erc,, was less biased than pmc. They also
have the benefit over pmc that they don’t require an estimate of 0., which can
be difficult to estimate. Neither of the error counts outperformed the other.
They were biased in opposite directions, by about the same amount. The erc,
had a lower standard deviation than the erc, so it might seem slightly better.

Among the estimates for the squared error rate, the adjusted squared error
count, sqerc,, performed best. It was practically unbiased for all levels of
os and o., but underestimated high values of sqerr. It was also slightly less
variable than sqerc, and doesn’t need an estimate of o, as sqerr does.

There are several techniques for reducing the variance of pmc estimates, for
instance by the bootstrap (Efron and Tibshirani, 1993). Similar techniques
could be applied to the sqerr estimates, if desirable.

8.1 Estimating o2.

Some of the estimates in the present paper require an estimate of o2 = Var(e).
In this section, it will be assumed that an estimate 62 exists. It can be easier
to estimate Var(e + ¢) than Var(e). Assuming that ¢ and 0 are independent,

-

o? can estimated by Var(e + ) — 62.

If a data set has been collected according to an experimental design in «, and
includes response measurements of m separate objects with the same value of
@, their sample variance is an estimate of Var(¢ 4§ | «). This can be averaged
over x to give a pooled estimate of Var(e 4 d). Note that the m measurements
for each & must be taken on separate objects, not the same object. Otherwise
the sample variance estimates o2, not Var(e + §).

In other situations, estimating Var(e + 0) is not so straight-forward. One pos-
sibility is to fit a model to the data and estimate the variance from the fitted
residuals. Due to possible lack of fit or over-fitting, the estimate can be bi-
ased. Alternatively, one could use a weighted local estimate of Var(e + ¢) and
average this over x.
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