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Abstract

Unwanted variation due to variable raw material quality is often a problem in pro-
duction processes. Robust process optimization seeks to reduce the effects of such
variation by identifying settings of the adjustable factors that makes the process less
sensitive to the variations. This paper develops a unified framework for studying and
developing robust process optimization and process control techniques. We divide
the factors of the process into groups based on characterizations of their properties.
We also develop a robust process optimization technique for batch-wise processes,
called batch-wise robust process optimization, which utilizes all available measure-
ments of raw material qualities at the start of each production batch. The technique
achieves a reduction of variability due to variation in raw material qualities, com-
pared to ordinary robust process optimization. Two examples taken from baking of
hearth bread illustrate the technique.
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1 Introduction

Industrial production processes frequently suffer from unwanted variation in
raw material quality, process settings and environmental factors. Such varia-
tion may result in undesirable variation in the quality of the end product.
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The present paper concerns some methodological aspects related to this prob-
lem. The type of process we have in mind is a batch-wise production process
where there is batch-wise variation in the quality of the raw material, but
negligible variation within each batch. The quality of the raw material can
be characterized by some rapid measurement method, and is available at the
start of production of each batch.

Two common approaches to cope with the consequences of such variation are:

Use statistical process control (SPC) or engineering process control (EPC)
techniques to monitor and adjust the factors. SPC is used to monitor the pro-
cess using statistical methods in order to give operators diagnostic displays of
the state of the process. EPC uses feed-forward /feedback regulation techniques
to control the process. SPC and EPC have many successful applications [1].
The methods share the possible drawback that continuously monitoring or
adjusting the process may be cumbersome and expensive.

Use robust process optimization to make the production as insensitive as pos-
sible to wvariations in the factors. Robust process optimization is an off-line
quality control method, and is known under several names, sometimes with
slightly different definitions [2-13]. Robust process optimization tries to adjust
the process before the production starts, to minimize the transmitted varia-
tion. It offers the benefit of reduced need for continuously monitoring and
adjusting the process, without having to adjust factors that are expensive to
control. However, it often requires more experiments in front of the analysis
than SPC or EPC, which in some situations can be expensive. Also, some-
times, the reduction in transmitted variation achieved is not big enough, and
SPC or EPC might be needed to further control the process variation during
production.

The aim of this paper is twofold. One goal is to develop a general, flexible and
unified framework in which one can study and develop process optimization
and process control methods. We achieve this goal by sorting the different
factors that influence the quality of the product into groups according to their
inherent properties.

The other goal is to present a combination of the control and robustness
strategies described above. This will be called batch-wise robust process op-
timization. The approach combines the ideas of robust process optimization
and feed-forward regulation. All possible information available at the start of
a production batch is used to identify process settings which make the end

product as insensitive as possible to other sources of noise during production
of the batch.

The theory of the paper will be illustrated by two examples of optimization of
a baking process. The examples are taken from an ongoing effort to improve



bread quality based on knowledge of the raw material in combination with
process settings such as mixing time and proofing time.

1.1 Notation

Scalars will be denoted by lower case letters, and vectors and vector-valued
functions will be denoted by bold lower case letters. We denote expectation
by E, expectation with respect to the joint distribution of z and y by E, ,, and
the conditional expectation of x given a by E[z | a].

T,y

2 Model and Example

2.1 The Model

The present approach to robust optimization will be based on an estimated
model of the relationship between the input variables and the end product
quality. We assume that the process can be described by a mathematical
model

Y= f(m) + €, (1)
where y = (y1,...,7,) is a vector of one or more response variables, x is a
vector of model variables, f is a vector-valued function, and e is the error
term. The error is assumed to be random with zero expectation, independent
of  and having constant variance.

The response variables represent the quality characteristics of the product
or process. Typical characteristics in the example to be considered next are
color or loaf volume of baked bread. Each response variable y; has a target
value t;, representing the preferred values of the quality characteristics, defined
either by consumers or experienced bakers. They can be finite or infinite. The
model variables & represent factors of the process that influence the quality
characteristics of the product. These factors are typically raw material quality
variables, process settings and environmental factors such as temperature and
humidity.

In most cases, the function f is unknown and has to be estimated from data.
In practice, one will typically set up an experimental design based on an
established strategy appropriate for the situation [14,15]. The data from this
design are most frequently fitted to an empirical model. For the purpose of the
methods to be developed in this paper, we assume that the function is already
estimated or known. In the example below, a combination of a factorial and



mixtures design is used to provide the data. A regular second degree model is
used.

Note that factors may be controllable and possible to incorporate in a design
during experimentation, but totally uncontrollable during a regular operation.
Raw material quality is a typical example of this. It may be possible to set up
a reasonable design in predefined quality classes, but during regular operation
one has to take what is available. The focus in this paper is on methodology
and ideas related to regular operation.

2.2  Ezxample

Nomenclature and data from baking is used to illustrate the ideas and analysis
techniques. In baking processes there are both a large number of raw material
properties and several process settings that are important and can be varied.

Typical process steps that can influence the quality of the loaves are mixing
time, proofing time and baking time. The temperatures in the different process
steps are also important. All these variables can in principle be varied. Some
of them can be controlled easily, while others are uncontrollable.

This example is used to discuss the different categories of factors that are
possible in practice, followed by a real baking experiment to illustrate the new
methodology.

3 Classification of the Factors

For the purpose of this paper, we will think of a process factor as a stochastic
variable following a distribution during regular operation of the process. The
distribution is governed by a vector of distribution parameters, which can be
viewed as a point in a parameter space that includes all valid values of the
parameters. During normal production one may be able to adjust some of these
parameters while others are fixed. Baking temperature is a typical process
factor. If the oven temperature varies, it is a stochastic variable. For simplicity,
assume that it is normally distributed. The distribution parameters are then
the mean temperature and the variance. The mean is usually adjustable, while
we would regard the variance as a fixed parameter.

The factors can be categorized in different ways. We have chosen a classifica-
tion based on the properties of the factors during normal production.

A factor will be called adjustable if we can adjust some of its distribution pa-



rameters and unadjustable if all distribution parameters are fixed. The baking
temperature is then adjustable, because we can adjust its mean. Note that
according to this definition we do not require total control over a factor to call
it adjustable.

Similarly, a factor will be called constant if it has zero variance, and variable
if it has positive variance. Modeling a constant factor as a stochastic variable
with zero variance allows us to treat constant and variable factors similarly.
The baking temperature above is variable.

Another distinction is whether the factors are observable or unobservable. A
factor is observable if its measured value can be used in the optimization or
control procedure. For batch processes, a factor has to be constant during
production of the batch, and measurable at the time the production of the
batch starts, to be considered observable.

Observable Unobservable
Constant Variable Constant Variable
Adjustable Design Design parameter | Impossible | Design
parameter | with observable parameter
(A) variation (B) with noise (C)
Unadjustable | Constant | Observable Unknown | Noise (E)
uncontrollable constant
factor (D)

Table 1

Grouping of factors. The entries are descriptions of the group, or traditional names
of typical factors belonging to the group. The letters refer to factors in the example
of Section 3.1.

Together, these criteria split the factors into eight groups, as displayed in
Table 1.

Three of the factor groups are special. Firstly, unobservable, adjustable, con-
stant factors do not exist. Secondly, unadjustable, constant factors, whether
observable or unobservable, are simply constants and will enter the process
model (1) as such. These groups are not interesting for the purposes of pro-
cess optimization or control and are included here for symmetry only.

3.1 A Constructed Example to Illustrate the Groups of Factors

To illustrate the groups, we imagine a baking process modeled by

y=f(A,B,C,D,E) +e, (2)



for some function f. Here y is a vector of responses related to the quality of the
bread and € is model error. There are two process variables; room temperature
B and proofing temperature C; and three raw material properties A, D and
E. one for each of three different raw materials; R4, Rp and Rg, respectively.
All other factors are considered constant. The letters A, to E correspond to
the letters in Table 1.

We assume that the quality A of raw material R4, for instance fat, can be
completely controlled. It can be set to a value p4, and does not vary. Regarded
as a stochastic variable, it has a constant distribution with mean p4. Thus,
A is an observable, adjustable and constant factor. Traditionally these factors
are called design parameters, design factors or product parameters |2,3,16,17].

Room temparature B can be set to a nominal value p g, but varies around its
setting. We assume that it can be measured, so it is observable, adjustable and
variable. Since the variation of these factors is observable, we may use it in
an optimization or control procedure. However, because the value in general
cannot be measured until after the factor has been given a nominal value, it
is not available until after the optimization. To use such a value, one might
perform a second optimization, treating the observed value as the fixed value
of the factor.

Proofing temperature C' can be set to a nominal value j¢, and varies around
its setting during production. We assume that it cannot be measured during
normal production. The proofing temperature belongs to the group of un-
observable, adjustable, variable factors. These factors are often called design
factors with noise [4,18]. Taguchi [6,7] calls the variation of these factors inner
noise.

The moisture content of the raw material Rp, for instance flour, cannot be
controlled, and we assume it varies according to a fixed distribution. We as-
sume we can measure the value of D. It follows that D is an observable,
unadjustable and variable factor. We shall see that for batch-wise robust pro-
cess optimization, we do not need the distribution of D, only its measured
value. Pledger [19] uses the term observable uncontrollable factor for a factor
that is measurable at all times, and uses the measurements to continuously
adjust the process.

Assume that the raw material quality E, for instance yeast viability follows a
fixed distribution and cannot be controlled or measured during normal produc-
tion. Both the raw material quality £ and the model error € are unobservable,
unadjustable and variable factors. In the terminology of Taguchi, F is a noise
factor, while € is pure noise.



4 Batch-Wise Robust Process Optimization

In the terminology of the previous section, robust process optimization now
amounts to specifying a criterion for robustness and minimize it with respect
to the adjustable distribution parameters of the factors. For a single-response
system, it is natural to specify a loss function of y and use its expectation over
the variable factors as the optimization criterion. One of the most widely used
loss functions is the quadratic loss. With a finite target value, the quadratic loss
function is L(y) = c¢(y — t)?, for some constant c. The quadratic loss function
is simple, has convenient mathematical properties and is easy to interpret [3],
but other possibilities also exist.

Loss functions are not the only robustness criteria. For instance, Taguchi
[6,7,17] uses signal-to-noise ratios, and Box and Jones [10] note that E L(y) =
(Ely] — t)* + Var(y), and propose a generalization given by w(E[y] —t)*+ (1 —
w) Var(y), for w € [0, 1].

For batch-wise robust process optimization we first compute the loss function
conditional on the parameters that can be controlled. This is done at the start
of each batch of the production, and the values of all observable, unadjustable
factors are used. The loss function given the values of the controllable pa-
rameters, is then a stochastic variable. The expectation of this variable, the
expected loss, is therefore a function of these given parameters. Finally, the
expected loss function is minimized, giving the optimal nominal values of the
adjustable factors.

The idea behind this approach is that we measure all the noise we can observe,
use this information when adjusting the parameters we can control, and leave
the remaining unobservable noise untreated. In this way, we use all available
information when adjusting the process to compensate for the remaining noise.
This is a kind of compromise between the two possibilities mentioned in the
introduction.

To illustrate the procedure, we apply it to the example in the previous section.
For each batch, we first measure the raw material quality D (moisture content
of the flour), as this is an observable, unadjustable factor. We denote the
measured value D,,. We enter this value into the process model (2). The
expected loss is

EA,B,C,E [L(A,B,C,D,E) | ,U/A,,U/B,/,LC,D = Dm]a (3)

where the p’s are the mean parameters of the factors. Since factor A is ad-
justable and constant, the expected loss can be written as

EB’C’E[L(A,B,C,D,E) | A = ,U,A,,U,B,/Lc,D = Dm] (4)



We then minimize this function with respect to 4, pg, and pc, and arrive at
the optimal parameter settings (u%, p%, ug). This gives the minimal expected
loss

g(/j’jMM*B::U’*C) = EB,C,E[L(AﬂBvchvE) | A= Mj:l::u*Baﬂ*CvD = Dm]' (5)

4.1  Multi- Response Systems

Systems with more than one response are also in this case more complex than
single-response systems. It is possible that the optimal point of one criterion
turns out to be optimal or nearly optimal for some of the other criteria as
well, but this is seldom the case.

One common approach is to specify loss functions for each response variable
and combine them into a total loss. The simplest form is a weighted sum of
the losses, which we use here. One then uses the expected total loss as the
minimization criterion. It is often useful to apply some sort of standardization
of the responses or loss functions, in order to make it easier to specify or inter-
pret the weights. We have chosen to standardize the loss functions by dividing
them by their standard deviation. This has the benefit that the quadratic loss
functions become invariant to the scale of the response.

The minimization of the robustness criterion can optionally be subject to re-
strictions, either on the model variables or on the responses. Examples include
keeping the model variables inside a certain region to ensure operational so-
lutions, or requiring that a response should be unbiased, i.e., Ey; = t;.

5 Examples

Both our examples are concerned with the baking of hearth bread. The situa-
tion in these examples is a baking process where the flour arrives in batches.
Between each batch there is substantial variation in protein content, but only
negligible variation within the batches. The protein content of flour can be as-
sessed by Near Infrared Reflectance (NIR) measurements [20], and will there-
fore be available at production start for each batch. It is therefore an observ-
able, unadjustable and variable factor.

Two other factors of interest are the mixing and proofing time of the dough.
The mixing time can be completely controlled, and that proofing time can be
adjusted, but varies randomly around its setting. The mixing time is therefore
an observable, adjustable and constant factor and the proofing time is unob-
servable, adjustable and variable. The other factors are considered as given



constants. For simplicity, we assume that the random part of proofing time is
normally distributed with variance 1. Experience about the natural variability
should be used to determine this distribution in practice.

The data used for building the model relating protein content, mixing time and
proofing time on one side to end product quality on the other, was based on
a designed experiment. Three wheat flour qualities were mixed according to a
{3, 3} simplex-lattice design, giving ten different flour mixtures. For each flour
mixture, the protein content was measured. The measured protein contents
ranged from 10.2 % to 14.3 %. Each flour was baked at different process
conditions; three levels of mixing time; 5, 15 and 25 minutes, and three levels
of proofing time; 35, 47.5 and 60 minutes. The process conditions were set up
in a full factorial design, giving nine different conditions for each flour. The
levels of the process conditions covered the region of interest for the present
product.

The combined design consisted of crossing each of the ten blends of the mixture
design with each of the nine points of the factorial design, making up a total
of 90 combinations. The 90 trials were performed completely at random. All
blends in the experiment were taken from large batches of the three flour
qualities. The flour batches were thoroughly homogenized before making the
ten flour blends, and each flour blend was homogenized during mixing. This
leads to a low variation due to lack of homogeneity and imprecise mixing of
the flours, compared to the other experimental factors. This, together with the
random performance of the 90 trials enabled the fitting of models containing
only a single error term [21].

For every hearth bread produced, the volume and form ratio = height /width
were recorded. Also, skilled bakers recorded their subjective evaluation of the
form ratio of the loaves on a scale from 1 to 4, where 4 corresponds to the
highest quality and 1 to the lowest. The data comes from a larger study, and
is more fully described by Nees et al. [21], and Feergestad et al. [22].

Second degree polynomials combined with variable selection to obtain a par-
simonious model were used for modeling. Details will be given below.

5.1 FEzxample 1: Single-Response Optimization

In the first example, we assumed that loaf volume is the only quality character-
istic of interest, and that it has a finite target value, v; = 530 ml. This target
value was obtained from bakers’ subjective judgments of the loaves. For larger
volumes other, less attractive properties became apparent [21]. We found the
volume to be related to the process conditions and the protein content through



the model
© = 523.3+2.021 + 4.5m5 +22.9p — 0.3027 — 0.077x3 + 0.84pz; +0.52pzs, (6)

where x; represents mixing time and x5 proofing time, centered around their
sample means 15 and 47.5 minutes, respectively. The variable p represents pro-
tein content, and is centered around it’s sample mean 12.4 %. We will use “p”
and “protein content” interchangeably, although the protein content equals
p + 12.4 %. Similarly for the other factors. Forward and backward variable
selection, allowing up to second-degree terms, gave the same model. All coef-
ficients were significant at a level of 0.05. The model had a squared multiple
correlation coefficient R? of 0.88, and the root mean squared error of estima-
tion (RMSEE) was 22.8 ml, with 82 degrees of freedom. Visual inspection of
the residuals (not shown) showed no anomalies. The model was considered a
reasonable approximation of the data.
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Fig. 1. Predicted loaf volume for 12 % protein. The thick contour line marks the
target volume.

Note that for given process settings, the effect of protein is linear, and that the
effects of both mixing time and proofing time are non-linear. Figure 1 shows
a contour plot of the predicted volume for 12 % protein. The target volume is
marked with a bold contour curve.

We chose a quadratic loss (v — v;)? since no other information about the form
of the actual loss was available. Using the predicted volume we get the loss
function L(z1, 29, p) = (9(x1, 22, p) — v;)?, a function of z;, 25 and p.

Note that © is an estimate of v, and L is therefore an estimate of the loss.
Uncertainty due to random error and model error is thus propagated to L. This
could be taken into account when comparing the predicted loss at different
settings of the adjustable factors. One could identify a region around the
calculated optima, or give a confidence interval of the actual loss at these
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points. This is not pursued further here, but will be treated in a forthcoming
paper.

We calculated the expected loss E,,[L(z1,x9,p)] by taking the expectation
over the variation in proofing time. The expected loss is then a function of
protein content, p, mixing time, x1, and the nominal setting of proofing time,

2.
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Fig. 2. Expected quadratic loss for 12 % protein. The circle marks the minimal point
and the shaded region represents the lower 0.2 % of the range of E L.

Figure 2 plots the expected loss for 12 % protein as a function of z; and ps.
The minimal point within the experimental region is marked with a circle.
This is the optimal initial settings for flours with 12 % protein content, and
gave an expected loss equal to 5.6. Taking the empirical nature and random
noise of the modeling into account, it seems natural to look at regions as well
as exact points. The shaded region is where the expected loss is less than 39.2.
This is the lower 0.2 % of the range of the expected loss for 12 % protein.
Although the minimal expected loss occurs in a single point, there is a region
of process settings giving approximately the same expected loss.

Since the experimental ranges of mixing and proofing times are thought to
include at least the whole region of interest for the present product, all opti-
mizations were restricted to the experimental region, i.e., 21 € [—10,10] and
pe € [—12.5,12.5]. This is also reasonable since we use estimated models,
which may be invalid outside the experimental region.

Using numerical minimization we calculated the optimal nominal settings and
the corresponding minimal expected loss, for p ranging from 10 % to 14.5 %.
The optimal settings are shown in Figure 3. All the optimal settings lie on the
edge of the allowed region, in the lower right corner of the region. Faergestad
et al. [22] show that with less than 5 minutes mixing time, the dough will not
develop properly, and that short mixing times combined with long proofing

11
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Fig. 3. Optimal mixing and proofing times for expected quadratic loss of volume,
parameterized by protein. Part of the shaded region in Figure 2 is also shown.

times tend to produce loaves with too low form ratio. This indicates that the
loaf volume alone might not be the best quality criterion.

12 13 14
protein

Fig. 4. Minimal expected quadratic loss of volume, as a function of p.

The minimal expected loss is plotted in Figure 4. There is a rapid increase
in minimal expected loss as the protein content decreases below 11 %. The
reason for this is that, according to the model (6), no process condition inside
the experimental region gives volumes as high as 530 ml for flours with less
than 11.1 % protein. This is consistent with the fact that no experimental run
with lower protein content than 11.5 % produced volumes as high as 530 ml.
The expected loss was close to zero for protein content between approximately
11 % and 11.5 %. This is because the maximal predicted volume is close to the

12



target volume for these flours, and around the maximum the volume surface is
quite flat. Thus small deviations in proofing time give little changes in volume,
leading to a small expected loss.

5.1.1 Comparison with Ordinary Robust Optimization

In order to compare this batch-wise optimization with robust optimization
that does not take the protein measurements into account, we treated the
protein content as unobservable, and for simplicity assumed that it is uniformly
distributed between 10.0 % and 14.5 %. We used the same loss function as
before, but calculated the expected loss by taking the expectation over both
proofing time and protein content. It is plotted in Figure 5. The optimal

25
é
© 20} I5e)
£%
o
£
X
g 15¢
ITy)
— P
+ )
5 h \ . .
35 40 45 50 55 60

M, + 47.5 (nominal proofing time)

Fig. 5. Expected quadratic loss when p is considered unobservable. The circle marks
the minimal point; where the expected loss was 823.1. The region where the expected
loss is less than 0.2 % of its range, has been shaded.

settings of mixing and proofing time were 9.0 and 54.5 minutes, respectively,
which gave a minimal expected loss of 823.1. This is the minimal expected
loss as protein content and proofing time vary:

Emg,p [L (x(l)ptax%p)] 3 Ty ~ N (:U’gpt: 1) ) (7)

t opt

where 27" and ps”" are the optimal settings, functionally independent of p.

A relevant comparison of this optimization with the batch-wise robust opti-
mization is to compare (7) with the expectation over p of the minimal expected
loss for each p:

6| [ (40 a40)]], b~ N (87 0)1), ®)

i.e., the expectation over p of the minimal expected losses in Figure 4. Here
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2 (p) and ps™ (p) are the optimal settings for protein content p. The ex-

pectation was 98.5, which is a substantial reduction from 823.1. To further
investigate the difference, we split the expected losses into sums of variance
and squared bias. The resulting statistics are shown in Table 2.

Unobservable Observable

protein content protein content

EL (RMSE) 823.1 (28.7ml)  98.5 (9.9 ml)
Var (std) 793.2 (28.2ml)  82.3 (9.1 ml)
Bias? (|Bias|) 29.9 (5.5 ml)  16.2 (4.0 ml)

Table 2

Expected losses, variances and squared biases when protein is treated as unob-
servable or observable. The square roots are shown in parentheses. Results for
10 % < protein < 14.5 %.

We see that the reduction in expected loss was mainly due to reduction of
variance, but the bias was reduced as well. The bias was not reduced further
because no baking condition gave volumes as high as the target volume, for
flours with less than 11 % protein.

Because of the rapid growth in minimal expected loss as the protein decreases
below 11 % we performed the optimization using only flours with at least 11 %
protein. This gave an average minimal expected loss of 9.9 for the batch-wise
optimization and 447.3 when treating protein content as unobservable. In the
last case the optimal settings were 8.3 minutes mixing time and 53.5 minutes
nominal proofing time. The results of splitting the expected losses into sums of
bias and variance are shown in Table 3. The response was practically unbiased,
and the variance was reduced by a factor of approximately 45, when taking
protein content into account.

Unobservable Observable

protein content protein content
EL (RMSE) 447.2 (21.1ml) 9.9 (3.1 ml)
Var (std) 439.9 (21.0 ml) 9.8 (3.1 ml)
Bias? (| Bias|) 7.4 (2.7 ml) 0.00041 (0.020 ml)

Table 3

Expected losses, variances and (squared) biases when protein is treated as un-
observable or observable. The square roots are shown in parentheses. Results for
11 % < protein < 14.5 %.

This kind of comparison is easy to do and should always be done in practice
in order to assess the benefit of taking the raw material property into account
when optimizing the process.
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5.2 Ezample 2: Multi-Response Optimization

In the second example, we considered two quality characteristics: the loaf
volume from the first example, and the form ratio of the loaves. We specified
loss functions for each of them, and used a weighted sum of the loss functions
as the criterion to be minimized.

For notational simplicity, we will in this example measure volume in liters,
not milliliters. We standardized the expected losses before combining them,
making them scale invariant, so this does not lead to a different solution.

We will first discuss the loss function used for each of the responses before we
describe how the combined criterion is optimized.

5.2.1 Volume

The target value for volume was set to infinity in this example, so we decided to
use the inverse quadratic loss function; L, = 1/92. It is commonly used when
the target value is infinity, and is one of the losses suggested by Taguchi [3]. The
expected loss with respect to the variation in proofing time, E,,[L,(z1, 2, p)],
is in this case not possible to represent in a closed form of simple functions,
but it can be numerically computed for each combination of the independent
variables.

For any p, the unrestricted settings of mixing and proofing time minimizing
E L, is the maximal point of the predicted volume ¢. This can be shown to be a
consequence of the shape of the loss function and the symmetrical distribution
of z5. The unrestricted maximal point of © can be found by solving 90/0x; = 0
and 00/0xy = 0 for z; and z5. This gives the optimal settings

P = 3.4 + 1.4p, (9)
st = 29.2 4 3.4p. (10)

When the settings are confined to the experimental region, the optimal mixing
time is equal to z** as above, while the optimal proofing time setting is equal
to 60 minutes, or puy = 12.5, for all p € [10.0, 14.5].

Figure 6 shows a contour plot of the expected loss for 12 % protein. The region
corresponding to the lower 0.2 % of the range is very small; cf. Figure 2. This
means that the surface is steep near the optimum, compared to the expected
loss surface in the first example, so a small change in nominal process settings
can lead to a noticeable change in expected loss.
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Fig. 6. Expected inverted quadratic loss of volume for 12 % protein. The minimal
point, marked with a circle, lies on the axis x; = :v(ljpt of the paraboloid 9. The
shaded region is where the loss is in the lower 0.2 % of its range; E L < 3.217. It is
barely visible around the minimal point.

5.2.2 Form Ratio

5.2.2.1 Defining a loss function when subjective assessments are
available. We had access to subjective assessments of the form ratio, which
could be used to define an appropriate loss function, by regression of the
assessments on the measured form ratios. The logarithm of the assessments
was used, since visual inspection suggested that the variance of the assessments
was proportional to their mean. The data points are plotted in Figure 7. The
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Fig. 7. Assessment of form ratio versus form ratio. Data points and regression curve.
The point marked “e” was left out of the regression.

scatter plot shows substantial curvature, so a model of degree two or higher
seemed appropriate. This is also supported by Faergestad et al. [22|. There
was one extreme sample, marked “e” in the plot. This dough raptured during
baking in oven due to large tensions when flour of high protein content was

16



mixed for long time but proofed for a short time [22]. It had a large influence
on the model estimation, so it was excluded from the regression. We found a
significant second-degree model

loga = 1.21 4 2.81f, — 25.8/2, (11)

relating the assessment a to the form ratio f of the loaves. Here f, is the form
ratio centered around its sample mean f = 0.594. Each term was significant
at a level of 0.05. The model had an RMSEE of 0.076 with 86 d.f., and R?
was 0.86. Both forward and backward variable selection allowing up to third
degree terms gave this model.

nga can be written as a polynomial of the uncentered form ratio f:
y(f) = —9.57+33.5f — 25.8f2. (12)

This describes a parabola with a maximal value yn.. = 1.29 at f; = 0.648.
We specified the loss as

Lf = Ymax — y(f) (13)
It is easy to show that Ly = 25.8(f— f;)?, so the loss is quadratic and the target
value for the response is f; = 0.648. Thus regression of the bakers’ subjective
assessments on the measured responses produced both a target value and a
loss function. We believe that this represents a natural and interesting way of
deriving loss functions, which can easily be extended to several responses.

5.2.2.2 Response Model and Expected Loss. The form ratio was
found to be related to protein and the process condition through a second
degree model

f=061+38x%x10"%z; —3.0x 1022, +8.3 x 10™%p
—29x 10722 + 6.5 x 10722 + 7.0 x 102129 + 7.9 x 10 *px;.  (14)

The variables are centered around their sample means. Each term was sig-
nificant at a level of 0.05. For this model, R? = 0.86, and RMSEE = 0.020
with 82 degrees of freedom. Both forward and backward variable selection,
allowing up to the full second-degree model gave the same model. Inspection
of the residuals showed that the sample marked “e” in Figure 7 had the largest
residual. However, since the sample had only a modest influence on the esti-
mated model for the form ratio, it was kept in the current regression, even
though it was removed from the regression for the assessments. Figure 8 shows
a contour plot of the form ratio for 12 % protein.

Note that the second degree and product terms of the model only contain terms
already present in the linear part of the model. Like the previous models (6)
and (11), it therefore satisfies the requirements of marginality given in [23].
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Fig. 8. Predicted form ratio for 12 % protein. The thick contour curve marks the
target value.

The expected loss E,[L¢(z1, 22, p)] is a fourth degree polynomial in z; and
12, with up to second-degree polynomials in p as coefficients. It is plotted for
12 % protein in Figure 9.
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Fig. 9. Expected quadratic loss of form ratio, for 12 % protein. The circle marks the
minimal point. The shaded region is the area where the loss is in the lower 0.2 % of
its range; EL < 1.46 x 1073,

The optimal settings for the form ratio are located in the upper left corner of
the region of interest, and for most p they lie on the border of the region. This
suggests that form ratio alone might not be a suitable quality criterion.

5.2.8 Combining the Loss Functions

We used a weighted sum of the two loss functions to form a total loss, with
weights 10 for form ratio and 1 for volume. The weights were chosen to reflect
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that form ratio was considered more important than volume. In order to make
the loss functions scale invariant, they were standardized by dividing them by
their standard deviation, calculated over the (z1, x9, p) parameter space. When
doing this, we treated the mixing time, proofing time and protein content as
independent variables, uniformly distributed on [5, 25], [35, 60] and [10.0, 14.5],
respectively. Other distributions could be used, and information regarding the
distribution of the parameters during production could be incorporated. The
total expected loss was

Eay[Liot] = 10 X Egy[L;/0.099] 4+ 1 x Eg,[L,/0.74]. (15)

A contour plot for 12 % protein is shown in Figure 10. The minimal expected
loss was 6.16.
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Fig. 10. Expected total loss for 12 % protein. The circle marks the optimal point.
The region representing the lower 0.2 % of the range of E L is shaded; E L < 6.27.

Constrained minimization of the expected total loss, restricting the mixing
and nominal proofing times to the region of interest, gave optimal process
settings as shown in Figure 11.

As in the first example, we then compared the batch-wise optimization with
ordinary robust process optimization. The expected loss of the ordinary op-
timization was 6.51. The corresponding expectation for the batch-wise op-
timization, (8), was 5.95. The batch-wise optimization gave slightly smaller
expected total loss for protein contents around 12 %, and substantial reduc-
tions for flours with low or high protein content.

5.2.4  Constrained Optimization

We also performed another optimization, this time under the constraint that
the expected form ratio should be equal to its target 0.648. No process con-
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Fig. 11. Optimal settings for expected total loss, parameterized by protein. The
shaded area is the region in Figure 10 corresponding to the lowest E L for 12 %
protein.

dition gave high enough expected form ratio for flours with less than 11.05 %
protein, so only flours with at least 11.05 % protein were used in the optimiza-
tion. Other approaches are possible, for instance to modify the optimization
criterion when the constraint is unattainable.

We compared batch-wise robust process optimization with ordinary robust
process optimization under this constraint. The minimal expected losses were
almost identical; 6.2 when using ordinary optimization versus 6.1 for batch-
wise optimization. Batch-wise optimization gave lower variance of form ratio,
but higher variance of volume. The mean volumes and form ratios were prac-
tically unchanged.

The reason why the results were so similar appears to be that the constraint on
the form ratio leaves little room for batch-wise robust process optimization to
improve on the results of ordinary robust process optimization. However, the
constraint in practice makes the form ratio a primary response, and the volume
secondary. The batch-wise optimization was able to reduce the variance of
the primary response form ratio, sacrificing some of the robustness of the
secondary response volume.

The main difference between the results of this constrained optimization and
the unconstrained one above is that the unconstrained optimization allows
the mean form ratio to be slightly off-target in order to increase the volume
of the loaves, while the constrained optimization does not allow this. This
results in a higher expected loss for the constrained optimization than for the
unconstrained. A compromise between the two approaches could be achieved
by allowing the mean form ratio to vary within an interval around the target
value.
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6 Conclusions

In this paper we have developed a unified description of the factors of a pro-
duction process. All factors are characterized as stochastic variables, whose
distributions we have total, some, or no control over. They are also classified
as observable or unobservable depending on whether their measured values
can be used in the robust optimization or control procedure. This description
provides a good framework for understanding the process variation and for
applying or developing robust optimization or control techniques.

We have proposed a robust process optimization technique for batch-wise pro-
cesses. This batch-wise robust process optimization uses all available raw ma-
terial measurements at the start of each production batch when calculating
the optimal process settings for the batch. We have seen that this can lead to
substantial reduction of loss due to unwanted variation, compared to ordinary
robust process optimization, where the process is optimized once and for all.

In this study we have chosen a modeling approach and used loss functions.
However, the general idea of using a batch-wise optimization and incorporating
all available measurements for each batch, can equally well be applied to other
approaches, such as the Taguchi techniques.

For multi-response systems, we have seen that the choice of optimization cri-
terion is essential, and different criteria can lead to different solutions. This is
an area where knowledge of the production process is very important, and an
area for future research.
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